Introduction
In th e first tw o papers of this series (1937a, 6) , referred to as I, II, L en nard-Jones has developed a m ethod for investigating th e lengths and energies of th e links in some u n satu rated molecules. F or this purpose he used th e m ethod of m olecular orbitals. In paper I I I (1937), Penney obtained similar results, using th e electron-pair m ethods of resonance, developed Pauling and others. I t is th e purpose of the present paper to extend th e calculations to chain molecules and radicals in which th e num ber of carbon atom s is odd, and in which, therefore, there is one electron which does not form a bond, in the usual picture of th e chemist. We shall use th e m ethod of molecular orbitals, and this work m ay be said to be a continuation of I and II. The w riter would like to th a n k Professor Lennard-Jones for sug gesting this work, and for th e o p portunity of discussing it w ith him during the calculations.
In general th ese free rad icals w ith " tr iv a le n t" carbon are n o t stable, an d te n d to form dim ers; b u t th e re are c ertain o f th e m w hich do exist eith er as stab le su b stan ces o r in dissociative eq u ilib riu m w ith th e ir dimers. H iickel (1935) h as discussed th ese radicals, on th e earlier form of th e theory in w hich all th e links w ere assu m ed eq u al a n d no allow ance w as m ade for th e ir com pression. H is w ork needs to be e x ten d ed because th e re is no reason w hy th e links should be all equal, a n d in fact, th e b o n d diagram s of the chem ist lead one to su sp ect otherw ise, a n d to believe th a t th e re m ay be one of th e carbon ato m s (the one on w hich th e u n p aire d electron is to be found) different from th e o th ers (for w hich all th e electrons are paired). On the m olecular o rb ital th e o ry , in w hich each electro n is supposed free to move th ro u g h o u t th e w hole m olecule in a n av erag ed p o te n tia l field, it is n o t so easy to see a t once in w h a t w ay th e presence o f th e o d d electron will alter th e arran g em en t o f th e links. So th e first qu estio n th a t we shall ask will be w h eth er in chain m olecules, such as C2n+1H 2n+3, th e re is one carbon atom occupying a n essentially different situ a tio n from all th e others. W e shall th e n com pute th e resonance energy.
T he details o f th e calculations, th e se ttin g u p o f th e secular determ inant, th e inclusion of th e energy of com pression o f th e C-C single links an d the m inim izing of th e to ta l m obile energy JF-w ith resp ect to th e lengths of the in d iv id u al links are supposed k now n; th e y are described in d etail in I. The values for th e co n stan ts s, d, k3 a n d kd are ta k e n to
2-The chain molecules C2w +1H 2w+3
(i) C3H 5 T he sim plest of th ese ch ain m olecules is th e rad ical C3H 5, an d it will be convenient to discuss it in som e d etail before w orking th ro u g h th e general case. This m olecule w ould n a tu ra lly be described b y eith er of th e tw o bond diagram s of fig On th e w ave-m echanical p ictu re, th e re will be resonance betw een th e two p a tte rn s, an d th is will resu lt, as calculation shows, in th is case, in a per fectly sym m etrical s tru c tu re in w hich th e cen tral ato m is equally sp aced from th e tw o end radicals. T he calculation is as follows.
Call the lengths of the two links xx and x2, so th a t the re are /?t and /i2. Then the secular determ inant is The defining equations are = -0. 6 1 dxx dx2
J u s t as in I, these equations simplify, and the result is
The solution of these equations shows th a t in equilibrium xx = = l-366 A. (All distances will be given in A ngstrom units.) I t is easily verified th a t this is indeed a minimum f o r # ", since, w ith these values,
We conclude therefore th a t the effect of resonance between the two stru c tures of fig. 1 is to give a perfectly sym m etrical structure, in which the unpaired electron m ust be considered as moving throughout th e whole of the molecule. I t is interesting to note h o^ much charge m ay be thought of as residing on each nucleus. I f we call the three carbon nuclei 1, 2 and 3, in order, and write, for the molecular orbitals, X F = a1i/r1 + a2ft2 + a3ijrz, where i/rx is the wave-function of a 77-electron on nucleus 1, then a rough description of the charge on each nucleus is obtained if we say th at the contributions from the orbital W are in th e ratio a\:a\\ a\ respectively. For the lowest orbital ax : a2: az = 1: x/2 :1 so th a t t th e two electrons in this orbital is 0*5, 1-0 and 0*5 respectivelv. For the upper orbital (singly occupied) ax \a2 :a 1 :0 : -distribution for this orbital is 0-5, 0, 0-5. Thus th e to tal charge distribution F ig . 2-E nergy contours for C3H 5. (D istances in A, energies in kcal.) for the three 77-electrons, being the sum of th e two effects above, is 1, 1, 1, indicating th a t the charge does not tend to accum ulate on the central carbon atom nor on the outer two carbon atoms.
The energies of the occupied orbitals are 46-4 kcal. and 0. The energy of compression is 2T7 kcal., so th a t the to tal mobile energy is -7T7 kcal. Taking the energy of a simple double bond as 55*7 kcal., we find a resonance energy of 15-4 kcal.
I t is easy to see why this radical will try to form a dimer. For if two such radicals come together to form a chain molecule h 2c = c h -c h 2-c h 2-c h = c h 2, there will be a gain of energy equal to th a t of a single C-C bond (72-6 kcal.) and a loss, relative to the two isolated radicals, of twice the resonance energy of one radical (i.e. 2 x 15-4 kcal.). There is th u s a net gain of energy of about 42 kcal. E quation (2) enables 3? to be com puted for any assigned values of xx and x2, and energy contours can be drawn, which show how th e energy of th e molecule depends upon xx and x2. Such contours, a t interva are shown in fig. 2 . F or values of x outside th e range shown, it is not ju sti fiable to replace the (r-bonds between th e carbon atom s by a parabolic field ks(x -s)2, b u t a full Morse-curve should be used. The energy surface of fig. 2 could be used to com pute the vibrational frequencies, for which the norm al co-ordinates are clearly xx ± x2.
(ii) Chain molecules C2/?+1H 2w+3
The general radical of this ty p e is C2w+1H 2n+3 an d can be trea ted similarly; if we suppose th a t the links altern ate in length, as in th e ordinary con jugated chains of even order, th en there will be tw o structures between which resonance m ay be expected. In each there will be n single an d n double bonds, and the unpaired electron will be on th a t carbon atom a t th e end of th e chain which is term inated by a single bond. The two structures will be similar except th a t, startin g from one end, th e first link is single in the one case and double in th e other. In this connexion, " single" and " d o u b le" refer to the custom ary bond representation: th e actual lengths of th e links will certainly not be precisely those corresponding to a pure single or double bond. Let us call the lengths alternately xx and x2, w ith exchange integrals A and A > then th e secular determ inant is e, A 5 0,
In this determ inant there are 2^+ 1 rows and columns. Now A is ju st the determ inant Rn+X discussed in the appendix to this paper, and its value is there obtained. In fact, 
The levels corresponding to r= 1, 2, 3 ,... each be completely filled; this accounts for 2n mobile electrons, and the 2n + 1th will p artly fill the level e0. Thus 
These equations are satisfied by xx = to sho 02 j r 02JT minimum we need to show th a t and -are greater th an 0, and that cxf dx\ -x-j . We have seen th a t this condition is satisfied in the G X -^ (JX2/ case of n = 1, and it can be shown to be true also for = 2 and as n tends to infinity; in other cases it is easy to verify th a t it is satisfied, and we conclude therefore th a t radicals of type C2w+1H 2n+3 do not show alternating lengths of links analogous to th e ordinary conjugated systems.
We can therefore suppose th a t each link is of equivalent length (this statem ent needs to be modified when we allow for end-effects in the n e x t section). In this case the secular determ inant (5) 
The levels r = 2n + 1, 2n, ... w + 2 are doubly occupied and th r = + 1 is singly occupied (its energy en+1 = 0). Thus 
The defining equation now gives
This last equation enables the equilibrium distance to be calculated for any value of n. E quation (11) then gives the energies of the various orbitals. I t will be noted th a t as n tends to infinity,
This is in entire agreem ent w ith the corresponding results for an even num ber of carbon atom s as in I (p. 293, equation (56)). As n->co the energy per carbon atom tends to
and in the lim it this becomes 4/?/7 t + J c s(x -s)2, i.e. 31-0kcal. This will be the same for chains containing an even num ber of carbon atoms. Numerical results for a num ber of different values of n are shown in Table I . In this table, some of the results for th e molecules discussed in I are included for comparison and then the value for the length given in the table is the mean length of the links. A ttention is also draw n to the fact th a t the reson ance energy is measured from a " zero" of n double bonds both in the cases ^2w^2n+2 and b2w+iH 2w+3. I t has been shown in the preceding section th a t in the radicals C2n+1H 2w+3 there is no reason to expect an alternating series of lengths for th e various links, and the calculations subsequently described were those in which it was assumed th a t all the links were of equal length. This, however, is not entirely fair, for, as Penney shows in I I I , the links a t the end m ay be appre ciably shorter th a n those in the central p a rt of the molecule. Penney con cluded th a t in molecules of type C27iH 2w+2 the end-effects persisted up to the fourth link from either end. W ith molecules of type C2n+1H 2n+3, where the initial tendency to alternate sizes does n o t exist, we m ay reasonably expect the end-effects to be rath er less im portant. An approxim ate result could be obtained by assuming th a t all the links were of equal length x2 except the two end ones, of length xx. W ith this assum ption, the secular determinant becomes 
26-2
The roots m ay be found as a series of approxim ations, ju st as in the case of I (equations (34), (35) 
We have neglected powers of (/?f//?l-1) above th e first in this approxim ation. There are 2n + 1 mobile electrons to fit into these levels. The levels 1,2 ... are doubly filled, and the level r = n+ 1 (for which singly occupied. Hence • (27) These formulae m ay be applied for various values of I t is interesting to note th a t as n tends to infinity, S2->2)tt and x2~ found for an infinite chain in which all th e links are assumed equal. In the case of an infinite chain, Sx -> 8/6> 1/377'/^2, and th e equation (25a) m ust be solved by iteration. I t becomes
The result is th a t th e end links are of length 1-337 A. Since it can make no appreciable difference in a very long chain w hether the num ber of carbon atom s is odd or even, this calculation m ust hold for all long chains. I t is probable th a t th e estim ate would need slight revision if we were to allow for the variation of the n ex t links to th e end ones as well, b u t th e calculations would be excessively laborious by this m ethod. I t should be noted that Penney (III, p. 321) estim ates th e length of th e end links in long chains to be 1-35 A, so th a t th e agreem ent is very satisfactory. I t m ay be worth noting th a t th e to tal gain in energy due to this variation of the end links is 1-7 kcal. over the value obtained w ith all th e links equal. F or shorter molecules of this same type, as we shall see below, the gain is rather less (about 0-8 kcal.).
(iv) Some special cases C5H 7, C7H 9 and C9H n These m ethods have been applied num erically to study the radicals C5H 7, C7H 9 and C9H n . The end links in each case have been assumed to have a length xx different from those of the other links x2, all of which are suppose equal. In these calculations it was possible to minimize directly w ith respect to xx and x2 w ithout using the approxim ate formulae shown in equation (20). The results, which are shown in Table I , are therefore independent of the validity of this equation (which only holds when (1 m ay be neg lected). The values for the mobile energy shown in the table m ay be com pared w ith the corresponding values when all the links are supposed equal; a difference of about 1 kcal. is obtained between the two energies. The equilibrium values both of xx and x2 get steadily less as the chain increases in length, tending to their asym ptotic values 1-337 and 1-377 respectively, but the mean length of th e links is rem arkably constant. The end link always appears to be about 0-04 A shorter th an the other links, a value very com parable with th a t obtained by Penney (III, p. 321).
•
3-Summary
General formulae are given for the lengths of the links of free radicals and molecules of chain-form C2w+1H 2n+3. I t is shown th a t in these chains the effect of resonance is to remove some of th e characteristic properties of alternate single and double bonds. Calculations have been made of the energies of these radicals in certain particular cases, and th e effect of resonance has been estim ated. 
d, e
There are n rows and columns, and the only non-vanishing elements are the leading diagonal elements and those im m ediately bordering this diagonal. Expanding in term s of the top row, we find the recurrence relation
The initial values are = e and P2 = e2 -d2.
If we write 0 = 1 +P1x + P2 x2+ ..., then the recurrence relation (30), together w ith the initial values (31), shows th a t 0 = 1/(1 -ex +
If, now, we w rite e = 2 dc os 6, and p u t into p artial fractions, th equate coefficients of xn in 0 and find Pn = dn sin + 1) (9/sin 6. 
Thus the roots of
so th a t Qn has 2n rows and columns and Rn has E xpanding in terms of the top rows, we find in the two cases 
R2 = e3 -e(<s2 + d2).
I f we write
J2 = Q0+ Q xx + Q 2x2+(42)
then it is soon shown th a t 
In an exactly similar way, we find th a t
A check on this working is obtained since, when s = d, e2 = d2(2 + 2 co s0 ) = 4d2 cos2 (0/2), and so, comparing w ith th e relation e -2d cos 0, we see th a t 0 = 26. In such a case Qn does reduce to P2n, and Rn does reduce to P2w_ For the sake of completeness it is w orth including in this section two determ inants which, though n ot used in th e calculations of th e present paper, would be required in any discussion of the cyclic molecules and radicals. M2n is a particular case of Ln in which require special treatm en t. Expanding in term s of th e top row, we obtain M n = e P n -l -2 + ( -1 ) n _ 1 d n .
Inserting th e values of pn-i an d P n-z-> we th e result M2n --4:d2n sin2 nO,
9/w 1 1 M*n+1 = 4:d2n+1 cos2 --6, (53) in which, as usual, e = 2d cos 6.
The value of M2n agrees w ith th a t obtained from Ln when s I t added th a t th e expansions of these determ inants show a t once th a t all their roots are real; in the cases of Q, R, L and M it als roots are double. 
